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Executive Summary

Food insecurity, driven in part by limited access to grocery stores, affects millions across the
U.S., including over 9% of Minnesotans. Mobile markets, which bring affordable and healthy
foods directly to underserved communities via vehicles, have emerged as a promising solution
to alleviate this issue. However, many mobile markets struggle with operational inefficiencies
and financial sustainability.

In this study, we investigate how to optimize mobile market operations by focusing on
inventory decisions and their relationship to customer purchasing behaviors. We model this
as a bilevel optimization problem, where the mobile market operator chooses the inventory
to load onto the vehicle, and sequentially visited customers make purchasing decisions based
on product availability and budget constraints.

To address the computational challenges of this bilevel model, we develop an exact refor-
mulation and propose a heuristic approach that balances solution quality and efficiency. Our
numerical experiments demonstrate the effectiveness of these methods and provide insights
into inventory planning for mobile markets. Numerical experiments also demonstrate the
robustness of our methods in diverse scenarios.

This work offers a novel decision-making framework for mobile market operators, helping
to improve service equity and operational efficiency. Future work will extend this framework
to incorporate additional factors, such as routing decisions, pricing strategies, and stochastic
customer behavior.



1 Introduction

Food insecurity refers to insufficient or inconsistent access to nutritious food. In 2020, the
U.S. witnessed an alarming increase in food insecurity, affecting millions of people, including
many children. Food insecurity may give rise to numerous challenges and can be a cause of un-
healthy eating habits and diet-related diseases. In 2022, an estimated 537,000 people—more
than 9% of the population—suffered from food insecurity in Minnesota (Feeding America,
2024). Unfortunately, this problem is not particular to Minnesota, and many other states
have even higher rates of food insecurity. One cause of food insecurity is a lack of nearby
full-service grocery stores. This is a particular issue to Minnesota, which has fewer grocery
stores per capita than most other states.

Over the past decade, mobile markets have emerged as a means for mitigating food
insecurity. A mobile market is a grocery store in the form of a bus, truck, semi-trailer,
or other vehicle, typically outfitted with refrigeration equipment, that sells healthy food
directly to communities in need at affordable prices. Mobile markets can be particularly
helpful for people who do not live close to a full-service brick-and-mortar grocery store and
who do not have consistent access to a car. For such individuals, travel to a grocery store
may be prohibitively difficult. In Minnesota, mobile markets currently serve communities
in the Twin Cities and Duluth. One example is the Twin Cities Mobile Market (TCMM),
which is operated by a non-profit organization called the Food Group. TCMM currently
makes scheduled stops at more than 20 different locations in the Minneapolis-Saint Paul
metropolitan area. Beyond Minnesota, hundreds of mobile market programs collectively
serve tens of thousands of people across the U.S. (Mobile Market Coalition, 2022).

Most mobile markets are operated by nonprofit organizations. Unlike traditional retailers,
their primary goal is typically not to generate profit but to increase food accessibility and
encourage participation from low-income or disadvantaged communities (Kasprzak et al.,
2022, 2021). These communities often face financial constraints and are highly sensitive to
pricing, which makes affordability a crucial factor in mobile market operations (Zepeda et
al., 2014; Weissman et al., 2020). In addition, offering culturally relevant foods can attract
participation and foster a sense of belonging, further enhancing engagement and impact.
However, many mobile markets struggle with financial sustainability, making it difficult to
maintain and expand their services. While there is growing interest in understanding and
evaluating the health impact of mobile markets (e.g., Robinson et al., 2016; Horning et al.,
2021), there is a need for research on how to strategically and analytically optimize their
operations to lower costs and potentially enhance viability.

Currently, pricing and inventory decisions in mobile markets are often made through
trial and error or by benchmarking against local grocery retailers. However, these decisions
involve complex system dynamics and constraints. For example, mobile markets operate
under strict vehicle capacity constraints, requiring careful selection of stocked items to meet
customer needs while minimizing food waste and stock shortage on each trip. Importantly,
the purchasing behavior of customers is affected by the availability of products at the time
of their visit. If high-demand items sell out early, customers at later stops may face limited
options, potentially reducing overall sales and satisfaction.

To address these challenges, it is critical to account for the interdependence between
inventory design and customer behavior. Some existing studies (Biesinger et al., 2016; Zhang
et al., 2012; Aros-Vera et al., 2013) use discrete choice models to predict demand, where



customers make a single choice from a fixed set of options. However, such models may not
fully capture multi-item purchasing behaviors, which are common in grocery shopping when
customers typically select multiple products. In addition, mobile markets typically serve
multiple stops on a single trip without any opportunity for restocking. As a result, the order
of neighborhood visits also impacts sales dynamics and customer experience. Visiting areas
with high demand for certain items early in the trip can lead to rapid inventory depletion,
leaving fewer choices for later stops and potentially discouraging participation from these
communities. A carefully planned sequence of stops can help balance product availability,
enhance revenue, and even ensure more equitable access across neighborhoods.

In this report, we propose a hierarchical sequential decision-making framework that maxi-
mizes total customer utility for a single trip while accounting for the interdependence between
inventory decisions and customer purchasing behaviors under budget constraints. The prob-
lem is modeled as a bilevel program, where the leader represents a mobile market operator,
and the followers are customers who are visited sequentially by the mobile market on a single
trip. The operator’s objective is to maximize the total utility of all customers by determining
the initial inventory loaded onto the vehicle. Customers then make purchasing decisions that
maximize individual utility while respecting budget constraints and available inventory at
the time of their visits. The available inventory at each stop depends on both the operator’s
initial stocking decisions and the purchases made by earlier customers in the sequence. Most
existing literature on bilevel optimization focuses on either single followers or multiple inde-
pendent followers (Kleinert et al., 2021; Beck et al., 2023; Dempe, 2020). In contrast, our
model involves multiple dependent followers, where each customer’s decision is affected by
both the leader’s decisions and the purchasing decisions of other customers.

The main contributions of this research are three-fold:

e A Dbilevel optimization model is proposed with dependent followers for inventory de-
sign while accounting for the interdependence between customer purchasing behaviors
and inventory design. A standard Karush-Kuhn-Tucker(KKT) based reformulation is
provided to reduce the bilevel problem to a single-level formulation. However, this refor-
mulation introduces complementarity conditions, leading to computational challenges
even for medium-sized instances.

e To improve computation, we propose a heuristic approach that provides a suboptimal
yet computationally efficient solution to the bilevel problem. This approach involves
solving a series of optimization problems, each corresponding to a single customer’s
decision. We explore the structural properties of these subproblems to develop efficient
solution methods. To quantify the optimality gap, theoretical bounds are derived.

e The effectiveness and efficiency of the proposed models and solution methods are
demonstrated via numerical experiments, providing insights into inventory planning
in mobile markets.

While this report mainly focuses on inventory decisions, future work will build on the models
and methods developed here to explore neighborhood visit sequences and pricing strategies.
In addition, as discussed in Section 6, we are interested in extending our framework to
stochastic settings, incorporating uncertainty in customer behavior and demand patterns.
The remainder of this report is organized as follows. Section 2 reviews related literature.
In Section 3, we describe the problem dynamics and present the problem formulation. Section



4 introduces a KKT-based reformulation and a relaxation formulation. In Section 5, we
propose a heuristic method, analyze its solution structure, and establish performance bounds.
While the previous sections focus on deterministic settings, Section 6 takes an initial step
toward incorporating the randomness of customer information, setting up a foundation for
future research on stochastic extensions. Finally, Section 7 presents numerical experiments,
demonstrating the effectiveness and efficiency of the proposed models and solution methods.

2 Related Literature

Mobile markets have drawn increasing interest due to their significant potential to increase
food access and improve health outcomes, particularly for disadvantaged communities (e.g.,
Hsiao et al., 2019). However, few studies focus on quantitative approaches to addressing the
operational challenges faced by mobile markets, including routing, inventory, and customer
engagement. Most existing research on food distribution focuses on centralized decision mod-
els, where resources are allocated from distribution centers. For example, food banks typically
operate through centralized distribution hubs, where food and resources are collected, and
then distributed to partner agencies such as community organizations, and shelters in various
ways. Specifically, Davis et al. (2014) identify food delivery points (FDPs), where agencies
can receive food deliveries. Wishon & Villalobos (2016) solve inventory and routing prob-
lems for mobile markets, assuming known customer demands. Liang & Lyu (2022) develop
real-time food allocation rules for food banks, balancing fairness and efficiency when serving
agencies with sequentially revealed demands. At a county level, Orgut et al. (2018) study
equitable food distribution under uncertain county capacity. While these studies provide
solution approaches and insights into logistics and resource allocation in centralized food
distribution at organization levels, they differ from customer-level food distribution, where
demand is affected by individual purchasing behaviors. This project aims to capture these
customer behaviors in mobile market operations.

Our work is also related to sequential resource allocation problems, where resources are
allocated incrementally in response to sequentially revealed demand. For example, Geng
et al. (2014) study a two-customer sequential resource allocation problem with equity con-
straint, ensuring fair distribution across customers. Lien et al. (2014) extend this concept to
nonprofit operations, such as food distribution. Recently, Hassanzadeh et al. (2023) address
the sequential allocation of a divisible resource, formulating the problem as a Markov decision
process and developing a fairness-driven algorithm. In contrast to these works, our model
does not assume that the demand is explicitly revealed. Instead, demand is endogenously
determined by customer purchasing behaviors, which depend on available inventory, budget
constraints, and individual preferences. We leverage the problem structure to provide effi-
cient solution approaches that optimize inventory allocation while accounting for customer
behavior dynamics.

Lastly, some of our results are reminiscent of the price of anarchy (Koutsoupias & Pa-
padimitriou, 1999; Papadimitriou, 2001), which captures the inefficiencies in systems where
self-interested agents make decentralized decisions without coordination. In particular, our
study explores the trade-off between maximizing total utility and preserving customer choice
autonomy. Rather than imposing centralized control, our framework allows for individualized
purchasing decisions, capturing the interplay between optimal inventory design and customer



freedom in selecting from available stock.

We close this section by noting several empirical studies that evaluate the effectiveness
of mobile markets through surveys and/or focus groups to assess the potential impacts and
operational challenges of mobile markets. Examples of such work include papers by Zepeda
et al. (2014), Hsiao et al. (2018), Weissman et al. (2020), and Horning et al. (2021). In
particular, Kasprzak et al. (2022) discuss various high-level operational challenges faced by
mobile markets.

3 Problem Formulation

Consider a mobile food market operated on a vehicle with a daily capacity of C' > 0. This
capacity can represent either a physical capacity available for stocking items or a financial
budget allocated for purchasing items to put on the vehicle. For simplicity, we consider C' to
be a one-dimensional quantity for now. Assume that there are n products that the market
operator can potentially stock in its vehicle. We denote the stock quantities of the n products
by ¢ = (q1,q2, - ,qn)T. Each unit of product j requires w; > 0 units of the capacity and is
sold at a price of p; > 0. Denote w = (w1, w2, - ,wy,)" and p = (p1,p2,- - ,pn) . We will
sometimes refer to w; as the weight of product j. There are N customers. Each customer ¢
has a budget y; > 0 allocated for purchasing items from the mobile market.

For customer ¢ = 1,..., N, the quantity of product j = 1,...,n they purchase, denoted
as z;; € Ry needs to be determined. Given the purchase decision x; = (z;1, ... ,xm)T for
customer 14, their total utility is represented by the function w;(a;). This utility function can
capture customer satisfaction and broader benefits of purchasing items from the mobile mar-
ket. These benefits may depend on factors such as personal preferences, product variety, and
nutrition values, reflecting the varied needs and priorities of different customers. Throughout
the remainder of this report we make the following assumption about the utility functions:

Assumption 1. The utility function u;(x;) : [0, +00)" — R is non-decreasing, concave, and
differentiable fori=1,..., N.

Assumption 1 arises naturally from the monotonicity of preference and the law of dimin-
ishing marginal utility. The non-decreasing property implies that a customer will weakly
prefer more of a product to less of that product. The concavity implies that an additional
unit of product will bring less incremental value to the customer when the customer has more
of the product. The differentiability is needed to derive tractable solution approaches.

We now present a formulation in which each customer individually decides what to pur-
chase. We assume that customers enter the market vehicle sequentially, ordered according
to the index 7. So, customer i is the ith customer to enter the market. If the mobile market
vehicle makes several stops during the day, then the order in which customers enter is deter-
mined, in part, by the order of the stops. For instance, if there are three stops with N1, No,
and N3 customers at those steps, then in our formulation, we have N = Ny + Ny + N3 and
customers ¢ = 1,..., N7 are the customers from stop 1, customers i = N1 +1,..., N1 + No
are the customers from stop 2, and customers i = N7 + No + 1,..., Ny + Ny + N3 are the
customers from stop 3.

Each customer ¢ makes their purchase decision x; to maximize their own utility, while
not exceeding their budget y;, and not exceeding the inventory available to purchase. The



inventory available to customer ¢ is determined by the initial inventory q and the cumulative
purchases of previous customers (that is, the purchases of customers 1 through i —1). Hence,
the inventory level will influence the customer’s purchase decision, and the earlier customers’
purchase decisions will affect the available inventory levels seen by later customers. Denote
customer k’s optimal purchase decision under the total inventory level g by x}(q). Then the
inventory available to customer i is given by q — 22;11 x5 (q).

For each customer ¢ = 1,..., N, the individual utility maximization problem is formulated
as follows:
vi (q) =max u;(w;) (LLP)
st. pla <y
i—1
0<zi<q-)Y zi(q)
k=1

The preceding may be viewed as a “Lower-Level Problem” in the sense that solving it requires
a value for the initial inventory level ¢ which is set first by the market operator.

Note that the optimal purchase decision of customer 1 can be viewed as a function of
the initial inventory q. Moreover, the purchase decision xg of each customer k£ > 1 can be
viewed as a function of ¢ and @1, ..., x—1. Hence, by arguing inductively, we may view
the purchase decision @; of customer 7 as well as that customer’s associated utility simply as
functions of g. This is reflected in the notation v}(q) in formulation (LLP;) above.

Notice that here, for any given g, we will get a sequence of customer utilities {v}(q)}Y; as
well as a sequence of customer purchase vectors {z}(q)}Y ;. Although the market operator
here cannot directly decide the amounts of products obtained by each customer, it can still
affect the overall value received by the customer population through the selection of q. So,
the utility-sum maximization problem faced by the market operator can be written as:

N
2 —max Y 0i(q) (P)
i=1
s.t. 'qu <C
q=>0,

where the utilities under the optimal choices of the customers {v}(q)}Y; are defined by the
sequence of the lower-level problems (LLPFP;). Problem (P) is a bilevel optimization problem
with dependent followers, where each follower sequentially solves their problem (LLPF;), mak-
ing decisions that depend on both the leader’s decision and the actions of preceding followers.
We will discuss solution approaches for Problem (P) in the next section.

The formulation above assumes that the sequence of customer arrivals is fixed. However,
this sequence can be altered by decisions of the mobile market itself. In particular, if the
market vehicle alters the order in which it visits various locations or changes the locations
that it visits, then the customer sequence will change. A solution to our model that assumes
a particular fixed sequence of visits (and hence a fixed customer sequence) can be used in an
analysis that decides what sequence of visits to make. In particular, if we are evaluating a
set of potential visit sequences, the model above can be used to quantify the desirability of



each such sequence with an eye toward picking the best one. Choosing such a visit sequence
would also likely include various other considerations such as inventory-related costs and
travel times, which are beyond the scope of the present analysis. We expect this to be a topic
for future exploration.

4 Solution Approaches

In this section, we describe how to solve the bilevel problem (P) introduced in the previous
section. As it is posed, solving it requires optimizing N-dependent lower-level problems (one
for each customer). Our basic approach is to use the Karush-Kuhn-Tucker (KKT) conditions
(Boyd & Vandenberghe, 2004) from the lower level problems (LLP;) to reformulate the bilevel
problem as a single optimization. This general approach to bilevel optimization problems is
described in, for example, Dempe (2002, 2020).

4.1 KKT Formulation
The Lagrangian of lower-level problem (LLPF;) is as follows:
Li(@s; iy i, ) = wi@a) + Ny — p' @) +rilg — D ap) + Ly,
k=1
where \; € Ry, 7; € R}, and I; € R"} are Lagrangian multipliers associated with the budget

constraint, inventory constraint, and nonnegativity constraint in (LLF;).
The KKT first order condition is:

VL, = Vuz(azl) —\p—-7r;+1;,=0,

where Vu;(x;) is the gradient of u;(x;). The KKT conditions also include the complementary
slackness conditions:

Xi(yi —p ®) =0

i
ri(q — Z xr) =0
k=1
l,;a:i =0.

We will plug those conditions along with the feasibility conditions of (LLP;) into the
problem (P). We have the following observation: if any solution g* is optimal for problem
(P), and the related lower-level optimal solutions are {x}(g*)},, then the solution q =
Zi]\il x}(q*) will also be optimal to (P). Hence, in the whole problem with those KKT

conditions, we simply let ¢ = ZZ]\; 1 @, and there is no loss of optimality. As a result, we have:

N
max, >l 7
1=1

T1,L2, T



mei Syhvz:]-qu
Ap+ri —1; :Vui(:ci),W: 1,...,N

N(yi—pla) =0, Yi=1,...,N
N

ri( Y ap) =0, Vi=1,...,N
k=i+1

liz; =0, Vi=1,...,N

@i, \i,ri,l; >0, Vi=1,... N.

Under Assumption 1, if {#;}Y, is an optimal solution to problem (P;), then ¢ = 3", x; is
an optimal to problem (P).

Note that in the preceding optimization problem (P;), the constraints from the comple-
mentary slackness conditions are non-linear. Using standard approaches, it is possible to
re-pose those non-linear constraints as linear constraints through the introduction of binary
variables. Doing so yields an equivalent formulation that is amenable to solution with stan-
dard optimization algorithms (depending upon our specific assumptions about the customers’
utility functions). Please refer to the appendix for the details.

4.2 Formulation Relaxation: Central Decision Maker Problem

In general, (P;) may be difficult to solve, especially if there are many customers or many
products. An alternative is to look into its relaxations. In fact, removing all complementarity
constraints in (P;) results in a relaxation

N n
Z =1max ZZUU(%]) (P2)

1C23 =

N
s.t.: ZwTwi <C
i=1

plaw;<y,Vi=1,...,N
0<x;,Vi=1,...,N.

It is now apparent that Problem (P,) provides an upper bound on (P). That is,
< zZ.

Problem (P,) can be viewed as the market operator providing a personalized bundle of
products directly to each customer. The operator does this in a way that maximizes the
total utility across all customers. Hence, we will sometimes call it a “central decision maker”
problem. Here, we emphasize that customers do not make decisions, but rather the market
operator may be viewed as making decisions on their behalf. Note that the sequencing of
customers plays no role in Problem (P,). This is a major difference from Problem (P), where
the sequencing of customers has a major role in determining which customers buy which
products. The primary reason for our interest in Problem (F2) is that it provides an upper

11



bound on the optimal objective value of Problem (P). It is important to have an upper bound
as a means for evaluating heuristic solutions of (P). If we cannot solve (P) to optimality,
then we may need to resort to heuristics. An upper bound allows us bound the extent to
which a heuristic is suboptimal.

Observe that in Problem (P) there are two groups of constraints (the capacity constraint
and budget constraints), both of which are linear. In addition, the objective function is
concave. Consequently, this is a well-behaved convex optimization problem, which can be
readily solved with the use of commercial solvers.

5 A Computationally Tractable Heuristic

Even with the reformulation developed in the previous section, it is not practical to solve
Problem (P;) to optimality when the problem scale is large. In this section, we propose a
scalable heuristic method.

Note that in Problem (P), the function v;(q) is influenced by customer purchasing deci-
sions, which in turn depend on the initial inventory q. One intuitive approach is providing
customers with items they want. Inspired by this idea, we introduce a heuristic (sub-optimal)
solution for Problem (P), which determines inventory decisions by prioritizing the needs of
the earliest arriving customers.

Let =7 (q) denote the optimal solution of Problem (LLPF;) if the initial inventory at the
beginning of the day is q. That is, 7 (q) is the purchase decision of customer ¢ if the initial
inventory decision is g. With this notational convention, x}(oco) represents the optimal
purchase decision of customer i if there is no inventory constraint (or, thought of differently,
if there is infinite initial inventory). To be more precise, x} (c0) is the solution to the following
problem:

max u; (@) (LLP})
s.t. : pT:ci < vy
0 S ;.

Observe that the lower level problems (LLPFP;) are dependent on the preceding followers
through the inventory constraints. If the initial inventory is infinite, then the inventory con-
straints go away. Consequently, the lower level problems de-couple and each Problem (LLPY)
can be solved in isolation.

In preparation for the ensuing analysis, define

k—1
N* :max{k €l,...,N: waTm’:(oo) < C’}.
i=1

That means, if we continue giving customers their optimal choice when there is no in-
ventory constraint, we will run out of our capacity at N*. There, we cannot fulfill the N*th
customers’ optimal choice. Instead, we are going to solve the following optimization problem:

max Ug,. (TN=) (LLP*)
LN *

s.t.: meN* <y

12



N*—1
w'azns <C — Z w' z}(c0)
i=1
0 <z N*.
Below, we will construct a heuristic algorithm for the initial inventory level under which

customers ¢ = 1,..., N* — 1 each purchases ] (oco0) and customer N* purchases according to
the optimal solution of Problem (LLP¥).

Algorithm 1 Computing the Heuristic
g 0
fori=1,2,---,N do
x} < Solve (LLP))
cost <— wT:L';f‘
if C > cost then
g+ g +x

C + C — cost
else
N* =1

w%* + Solve (LLP*)
q" « g + .
break
end if
end for
return qH

Algorithm 1 returns ¢ where ¢/ = ZN "

A z}(oo) + xR, and xk, is the solution to
Problem (LLP*). By the construction here, we are hoping that the customers will act as we
expect: the first N* —1 customers will choose x}(oc0) correspondingly, and customer N* will
choose wg*. The following lemma guarantees that if the initial inventory level is g™ then

the customers will indeed do so.

Lemma 1. Under Assumption 1, gt is a feasible solution of Problem (P), and the corre-
sponding lower level optimal solution is:

x;(o0), if i<N

= okl if i=N* (1)
0, if i>N*.
Proof. Since x}(c0) > 0 for all i = 1,...,N* — 1 and wg* > 0, it is easy to see g =

ZZN*_I x}(oo) + m%* > 0. Moreover,

N*—1
w' gt = E w'z}(c0) +w'zk.
i=1

N*—1 N*—1
< Z w'z}(00) +C — Z w' x}(00)
i=1 i=1

13



=C,

which means g defined here is feasible for problem (P).

Next, we will show that under initial inventory level g™, the optimal solution to the
lower level problem is {#f},<;<n. Notice that problem (LLP/) is a relaxation to problem
(LLPF;), thus if the optimal solution to problem (LLP)), x}(00), is feasible to (LLP;), then
it must also be optimal to (LLF;). Following this analysis we have x}(q) = x (oco) for any
q> 22:1 xf(00) (hence x} (o0) < q — Z;;ll xy (o0) is feasible).

Here ¢t = va*_l x} (o) + :13113* > va*_l x}(00). Thus we know that for any i =
1,2,--- ,N* =1, 7} (g™) must equal to x}(00). Next, consider the following problem faced
by customer N*:

n
max E UN*j(CCN*j)
TN * —1
J:

s.t.: pTazN* < yn=

H
0 <axn* < Tpgs-

From problem (LLP*), we know that mg* > 0, and meg* < yn+, hence mg* is a
feasible solution to the problem above.
According to Assumption 1, for any j, un+(xn~*) is non-decreasing. Thus we know:

un+(en+) < un (Then),

for all xn+ < acg*. Hence mg* is the optimal solution to the problem above.
For any ¢ > N*, there is no inventory left. So we have the optimal solution to (LLF;)
will be exactly O. O

According to Lemma 1, we know that g is a feasible solution to (P). Therefore, the
next proposition follows immediately.
Proposition 1. Define z := Y.~ | uj(zH) = SN ui(x} (00))+un= (zcﬁ*)—i-Zf\;N*H u;(0).
Then under Assumption 1 we have
< z*.

Y

6 Introducing Randomness

Up until this point, we have focused exclusively on deterministic problems. In particular, we
have assumed that the mobile market operator knows the number of customers, the order
of customer arrivals, and also those customers’ budgets and utility functions. A direction
for future work is to consider versions of the problem where some or all of these quantities
are random. It is likely that such problems will be quite complex and difficult to solve to
optimality. In such cases, it is important to identify tractable approaches for obtaining initial
inventory levels. Omne such approach is to use the deterministic formulations introduced
earlier in this report as a means for generating inventory policies that can be used in the
stochastic setting. Prior work in revenue management has shown that in some cases policies
based upon deterministic formulations can have provably good performance when used in
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stochastic settings; see, e.g., Gallego & Van Ryzin (1997) or Cooper (2002). Hence, there is
reason to hope that such an approach may work well for mobile market problems.

In this section, we introduce two stochastic models that we plan to further explore in future
work. The models include random customer arrivals and random customer types within a
stop/neighborhood. Assuming homogeneous neighborhoods at each stop, the first model
considers random customer arrivals, introducing uncertainty in the number of customers
served at each stop. When the within-neighborhood differences around a stop cannot be
ignored, the second model introduces random customer types to account for variability in
demographics, purchasing behavior, and product preferences.

6.1 Random Numbers of Arrivals

On a given day, a mobile market vehicle will make a sequence of stops in a pre-defined order.
An individual stop will draw customers from a single neighborhood or narrow geographical
region. Within one neighborhood people may often have reasonably similar preferences and
income levels. Hence, one may make the simplifying assumption that individual customers
at a stop will all have the same utility function and the same budget. We can introduce
randomness by assuming that the number of customers in each neighborhood is stochastic.
To incorporate a setting like this into our model, assume there are L customer types, each
corresponding to a neighborhood, indexed [ = 1,..., L. The number of type | customers NV,
has a discrete distribution F;. We can think of each type as corresponding to a vehicle stop.
The first stochastic optimization problem could thus be formulated as:

L N;
Z* :méiX ZE{NZNFL} [Z u}k(q)] (SPl)
=1 i=1

s.t. qug C
q>0.

The form of the lower-level problems here stays unchanged from our deterministic setting.
Nevertheless, Problem (SP;) is considerably more complex than what we considered earlier
owing to the expectation in the objective function.

6.2 Random Customer Types

Here, we consider another way to introduce randomness into the model. For simplicity, we
assume for now that the market visits only a single neighborhood, and that people from
that neighborhood have utility functions independently drawn from a common distribution
U over the space of utility functions. A simple version of this could be that utility functions
are piecewise linear or have some other parametric form, and there is a joint distribution over
the real-valued parameters of the functions. The second stochastic optimization problem is
as follows:

N
ZU:((I)] (SPy)



q=>0.

Although there are numerous ways to introduce randomness, including combining the two
previously discussed models, first understanding these two fundamental models provides a
foundation for exploring more complex stochastic scenarios.

7 Numerical Experiments

In this section, we provide numerical results to further understand the relationship among
the optimal value z* of Problem (P), the optimal value z of the upper bound problem (P),
and the value z associated with the heuristic introduced in Section 5. Following our previous
analysis, we know that z < 2z* < Z. In the numerical experiments, we focus on problems
where customer utility functions are piecewise linear, specifically in the form

u(@) =Y ajleji{z; < b} +bil{z; > bj}].
j=1

This function has two pieces for each product j. When a customer’s purchase quantity x; is
no more than the breakpoint b;, each unit of the product contributes a utility of a;, resulting
in a total utility of a;z;; when the purchase quantity exceeds b;, the total utility remains
constant at a;b;. One way to interpret the breakpoint is that it represents the maximum
quantity a customer is willing to purchase for product j, given their preferences or the existing
stock they already have at home. Beyond this threshold, additional units provide no further
value to the customer.

We randomly generate instances with N = 10 customers and n = 20 products. Let
U[L, U] denote a uniform distribution on the interval [L, U]. Other parameters are generated
based on the following assumptions.

e Utility coefficients: a;; ~ U[0.5,1.5], sampled independently i =1,...,N, j=1,...,n

Utility breakpoints: b;; ~ U[0.5,1.5], sampled independently i =1,...,N, j=1,...,n

Product prices: p; =1for j=1,...,n

Product weights: w; ~ U[0.5,1.5], sampled independently j =1,...,n

Customer budgets: y; = ¥; Z;'l:1 bij, where g; ~ U[0.5,1], sampled independently for
i=1,...,N

Vehicle capacity: C' = C’Zfil yi, where C' ~ U[0.5, 1].

7.1 Computational Performance

In this section, we study the computational performance of solving the MILP exact refor-
mulation to obtain z* and implementing the heuristic method to compute z. Key factors
that influence the performance include the number of customers N and the number of items
n. To study the impact of N and n, we generate instances following the parameter gen-
eration process described above. We evaluate performance across various values of n and
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N € {10,20,30,40}. When nN is large, solving the MILP for even a single instance can be
slow. Consequently, for each combination of N and n we sampled 10 instances. In Table 1
we report the average computational times in seconds for different values of N and n. A
single number in that table shows the average, across 10 instances, of the number of seconds
it took to solve the MILP for the corresponding N and n. For example, the average time
it took to solve a problem with N = 20 customers and n = 40 products was 30.45 seconds.
The MILP was solved using Gurobi with MATLAB on a desktop with 12th Gen Intel Core
i7-12700 2.10GHz CPU, 32GB RAM, and NVIDIA T100 8GB GPU.

Table 1: Computational times to solve the MILP
| N=10| N=20| N=30| N =40
n =10 0.24 1.11 1.86 5.89
n =20 0.87 4.20 12.75 80.90

n =30 2.50 8.10 74.66 217.72
n =40 2.31 30.45 156.74 | 640.98

Alternative Text Description: Computational times to solve the MILP, while N = 10
or n = 10 the MILP could be solved in several seconds, while when N = n = 40, the MILP
takes hundreds of minutes to solve.

Here, we can see that when the scale of the problem is small, solving the MILP is very
efficient. However, with increasing n and N, the time cost of the MILP grows rapidly.
The increase in computational time is more sensitive to N than to n, because the number
of variables and constraints grows faster when N grows. With n = 50 and N = 50 (not
shown in the table), some instances may need more than 10° seconds to solve. Another
challenge for solving the MILP is the memory required. With n = 200 and N = 100, the
memory needed to store the constraint matrix in the MILP exceeded the maximum that our
version of MATLAB could process. The slower computation times for large problems serve to
emphasize the importance of computationally practical heuristics, such as the one introduced
herein.

To compare the time cost of solving the MILP (which gives us the optimal solution)
and the heuristic from Section 5, we fix nN = 1800, and allow N to vary from the set
{10, 20, 30, 60, 90, 180}; this makes n change correspondingly. The results are given in Table 2
below.

Table 2: Computational times with n/N = 1800
|N=10| N=20 | N=30| N=60 | N=90 | N =180
47.98 | 182.71 | 737.46 | 2458.23 | 2817.51 | 1892.48

Optimal

Heuristic 0.10 0.21 0.28 0.47 0.83 1.59

Alternative Text Description: Computational times with nN = 1800, for each com-
bination of n and N, the time taken by solving to optimal is over hundreds of times more
than the time taken by running the heuristic algorithm.

From Table 2, it can be seen that the heuristic solution can be calculated much more
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quickly than the optimal solution. The difference becomes particularly stark as the size of
the problem increases. In the table, the time required to calculate the heuristic solution
appears to grow almost linearly in V.

7.2 Fairness

In this section, we examine the fairness of the solutions that emerge from the problem for-
mulations. For this, we consider the optimal and heuristic solutions to the sequential bilevel
problem, as well as the central decision maker’s problem that generates an upper bound to
the bilevel problem. We will measure fairness by comparing the utility levels obtained by
different customers. This is reasonable if the customers have similar utility functions. As
one can imagine, in a setting where customers enter the market sequentially, one of the most
powerful factors influencing a customer’s obtained utility is whether that customer comes
early or late in the sequence of customer arrivals. Customers late in the sequence can only
make purchases when the vehicle capacity is large enough to allow an initial inventory level
that can satisfy the demands of the earlier customers. Late customers also may not be able
to obtain their preferred products because those have already been purchased by customers
earlier in the sequence. This property of the sequential bilevel problem makes the outcome
“less fair,” compared to the central decision maker setting where the market operator assigns
bundles of products to customers and where the order of customer arrival plays no role. We
considered different ranges of the capacity C (as reflected in Figure 1 below) and sampled
1000 different instances for each setting. For simplicity, we have normalized the utilities
with the first customer’s utility and averaged the normalized utilities for each arrival position

(arrivals are indexed ¢ = 1,...,10). The results are summarized in Figure 1.
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Figure 1: Normalized Utility Received by Customers in Different Arrival Positions
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Alternative Text Description: Normalized Utility Received by Customers in Different
Arrival Positions, when the capacity gets smaller, compared to the optimal solution, the
heuristic solution tends to keep the utility received by the earlier coming customers and cut
down the utility received by the later coming customers.

From the figure we can see that, as we discussed above, in our optimal and heuristic
solutions to the sequential bilevel problem, the outcome will be less fair compared to the
outcome in the central decision maker’s problem. Moreover, in comparison to the optimal
solution, the heuristic solution tends to be more unfair, because it is constructed in a way
such that the initial inventory decision is guided by fully fulfilling the earlier customers’ most
preferred demands (see Section 5). In the central decision maker’s problem, all customers’
obtained utilities are nearly the same, because in our setting the parameter distributions of
all customers are homogeneous. (The ratio here is not 1, because even if random variables
X and Y are identically distributed, it does not necessarily mean that E[X /Y] = 1.) For the
optimal and heuristic solutions, we can see that as the capacity decreases, the later customers
will receive less and less utility. The heuristic solution is more sensitive to this kind of change.

7.3 Evaluating the Heuristic and the Upper Bound

In this section, we study numerically how well Z performs as an upper bound for z* and
how close the total utility z from the heuristic is to the optimal utility z*. We do this by
examining the ratios zZ/z* and z/z*. As detailed earlier, these ratios are guaranteed to be at
least 1 and at most 1 respectively. A value of z/z* just slightly above 1 indicates that z is
a good upper bound (i.e., it is not too much larger than the quantity that it is bounding).
Likewise, a value of z/z* just slightly below 1 indicates that our heuristic performs well (i.e.,
it yields total utility not too far below the maximum possible total utility). We sampled 200
instances as described above. Figure 2 plots the two ratios for the 200 instances. The plot
labeled “Upper Bound” in the figure shows z/z*, and the plot labeled “Lower bound” in the
figure shows z/z*.
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Figure 2: Upper and Lower Bounds in Different Instances

Alternative Text Description: Upper and Lower Bounds in Different Instances, among
the instances, most of the upper bounds are less than 1.1 times of the optimal value, while
most of the lower bounds are more than 0.8 times of the optimal value.

Here, we can see that the ratios are not very far from 1, indicating reasonably good
performance for the instances shown. The ratios zZ/z* all lie in the interval [1,1.1], and
the ratios z/z* all lie in the interval [0.75,1]. The ratios coincide at 1 for some problem
instances. For such instances, the heuristic yields the same total utility to customers as does
a benevolent central decision maker that allocates bundles directly to customers in a socially
optimal way.

We expect that if coefficients of customers’ utility functions are close to each other (so
that the customers all value products similarly), then the gap between z and z will be
smaller. If the vector of product weights is nearly proportional to the vector of product
prices (which is fixed to be I as explained above), then the objective value associated with
the heuristic solution will be very close to the objective of the optimal solution. Also, if we
have a smaller vehicle capacity, then solutions of the sequential bilevel problem will satisfy the
earlier customers’ demands while leaving little or nothing for customers later in the sequence.
This issue does not arise for the central decision maker formulation wherein the sequencing
of arrivals plays no role. In the next three figures in this subsection, we will examine these
effects by varying the range of utility parameters, the range of weights, and the capacity. For
each parameter setting, we will sample 1000 problem instances.
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Figure 3: Effect of Variability in Utility Coefficients a;;

Alternative Text Description: Effect of Variability in Utility Coeflicients, as the range
of utility coefficients shrinks, the upper bound gets much closer to the optimal value, while
the lower bound is not affected much.

In Figure 3 we examine the effect of variability in the utility coefficients {a;;}. The left
panel in the figure depicts box plots of the ratios z/z*. In that panel, on the horizontal
axis, there are three different ranges for the uniform distribution of the utility function
coefficients. As we move to the right (while remaining in the left panel) the range for the
uniform distribution gets narrower, which yields less variability in the utility coefficients. As
we can see, when the range becomes narrower, the ratio z/z* decreases very slightly. The
right panel in Figure 3 contains box plots of z/z*. There, as we move to the right (while
remaining in the right panel) the range for the uniform distribution narrows and the ratio
zZ/z* decreases substantially. Overall, this seems to be aligned with the intuition that says
the total gap shrinks and the upper bound becomes tighter.
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Figure 4: Effect of Variability in Weights w;
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Alternative Text Description: Effect of Variability in Weights, as the range of weights
shrinks, the lower bound gets much closer to the optimal value, while the upper bound is not
affected much.

Figure 4 shows the effect of variability of product weights {w;}. Similar to the previous
figure, the left panel of Figure 4 displays boxplots of z/z* and the right panel displays boxplots
of z/z*. The horizontal axes correspond to less variability in weights as we move rightward
within a panel. In the left panel, we see that z/z* is quite close to 1 when weight variability
is low. In fact, if we decrease the weight variability even further than shown in the left panel,
the ratio will get even closer to 1. This occurs because if the vector « is a constant multiple
of p, then Z = z*. We have a proof of this result, but in the interest of brevity, we do not
provide that here. The right panel of the figure shows that z/z* grows slightly as the range of
weights becomes smaller. This happens because it becomes more beneficial to allocate some
products to customers later in the arrival sequence.
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Figure 5: Effect of Variability in Capacity C

Alternative Text Description: Effect of Variability in Capacity, as the range of ca-
pacity shrinks, both the lower bound and the upper bound get much closer to the optimal
value.

To close this subsection, we seek to understand the influence of capacity C'. The left
panel of Figure 5 displays boxplots of z/z* and the right panel displays boxplots of z/z*. As
we move to the right within a panel, the capacity increases. As we can see, the ratios both
get closer to 1 as the capacity increases. That is what we expect. As the capacity grows,
the related constraint will become less restrictive, which will make the heuristic closer to the
optimal value. Also, a high capacity level will enable the customers late in the sequence to get
some products (and more preferred products), which mitigates the advantage of the central
decision maker who is always able to make favorable product allocations to those customers.

7.4 Sensitivity and Robustness

In the last portion of our numerical experiments, we will study the sensitivity and robustness
of our solutions. We will start with sensitivity, which here measures how much the total utility
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obtained across all customers will change if we allow our instance parameters to change. We
sampled 1000 instances and computed the value generated by the optimal solution and by the
heuristic. Then, we changed all the parameters in the instance by random percentages within
a certain tolerance (5%, 10%, and 15% in our experiments) and re-solved for the optimal
solution and heuristic solution using the changed parameter values. Then, we calculated the
ratio of the optimal values after and before the change. We did the same for the ratio of the
heuristic values after and before the change.
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Figure 6: Sensitivity of the Optimal Value and Heuristic (Sub-optimal) Value

Alternative Text Description: Sensitivity of the Optimal Value and Heuristic (Sub-
optimal) Value, as the parameters change by at most 5% (10%, 15%), the optimal value will
change by at most 5% (resp., 10%, 15%) for most instances, and the heuristic value will
change by at most 7.5% (resp., 15%, 22.5%) for most instances.

Boxplots of the ratios are shown in Figure 6. The left panel shows the boxplots for the
ratios of optimal solutions. The right panel shows them for the heuristic. In the left panel,
we see that if we allow the parameters to change by at most 5% (respectively, 10%, 15%),
then the optimal value will change by at most 5% (resp., 10%, 15%) for most instances. The
right panel shows the heuristic value will change by at most 7.5% (resp., 15%, 22.5%) for
most instances. If we only consider the upper and lower quartiles, we see that almost 50% of
the optimal and heuristic values change by less than 5% in all cases.

The sensitivity analysis that we just described compares values in different parameter
settings, and requires us to find the optimal or heuristic solution for both cases. However,
a more practical scenario is that the market operator first decides the inventory level based
on one particular set of parameters, but then that solution is implemented for an actual
problem with a different set of parameters. This can occur, for instance, if the operator
does not have perfect knowledge of customer budgets and/or the parameters of customer
utility functions. Hence, we also want to measure the robustness of our optimal and heuristic
solutions in such settings. To do this, for each tolerance in {5%, 10%, 15%}, we sample 1000
instances, and compute the optimal and heuristic solution. Then, we allow the parameters
(utility coefficients {a;;}, breakpoints {b;;} and budgets {y;}) to change within the tolerance.
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We then compute total utility assuming that we continue using the originally computed
optimal and heuristic solutions. To further clarify, let z(0,q) denote the total customer
utility when the instance parameters are 6 and the initial inventory is q. Let g*(6) denote
the optimal initial inventory as a function § and let g''(#) denote the heuristic initial inventory
as a function 6. To evaluate the robustness of the optimal solutions we consider the ratio
2(01,9%(0p))/2(01,9*(01)) where 6y is the parameter value under which the system operator
computes its policy, and 01 is the parameter value of the actual problem setting in which the
policy is implemented. To evaluate the robustness of the heuristic solution we consider the

ratio z(01, " (60))/2(61, g™ (61)).
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Figure 7: Robustness of Optimal Solution and Heuristic (Sub-optimal) Solutions

Alternative Text Description: Robustness of Optimal Solution and Heuristic (Sub-
optimal) Solutions, as the parameters change by at most 5% (10%, 15%), both the optimal
solution and the heuristic solution will get a utility loss of at most 3% (resp., 4%, 5%) for
most instances.

Figure 7 displays the results of this analysis. The left panel shows boxplots of the ratio
2(01,9*(0p))/2(01,q*(01)) under three different settings of how far #; can be from 6. There,
it can seen that ratios never exceed 1. This, of course, must be the case because g*(6;)
maximizes z(01,q). It is interesting to note, however, that the ratios are rather close to 1,
suggesting that the optimal solutions for these examples are rather robust. The right panel
shows boxplots of the ratio z(61,q"(6))/2(01,¢"(61)) for the heuristic. Here it is possible
for the ratio to exceed 1 because g™ () generally does not maximize z(61, q). In most cases,
the ratio is slightly below 1, suggesting that the heuristic is fairly robust in these examples.

8 Conclusions

In this research, we investigated mobile markets as a decentralized food distribution strategy
in comparison to traditional centralized approaches. Our models capture the interdepen-
dencies between product assortment in mobile markets and customer purchasing behaviors.
We developed analytical solution approaches to optimize inventory management. The com-
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putational experiments demonstrated not only the efficiency but also their robustness. Ad-
ditionally, the case studies offer valuable insights into the fairness implications of mobile
markets.

As discussed in Section 6, uncertainties are inevitable due to random customer behaviors.
In future work, we will extend our models to stochastic settings. Beyond inventory decisions,
factors such as routing, pricing, and logistics operations (e.g., loading and unloading) also
influence customer experiences, program costs, and profitability. Therefore, we will also
expand our analysis to incorporate these dimensions in future research.
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Appendix

In this appendix, we explain how to transform the non-linear constraints associated with the
complementary slackness conditions in (Pj) into linear constraints. For example, consider
the non-linear constraint \;(y; — p' ;) = 0. Suppose that M is a large positive number and
zi € {0,1}, i =1,..., N is a collection binary variables. We can now replace the preceding
non-linear constraint with the following two linear constraints

Ai < Mz
yi —p x; < Mi(1— z)

By applying the same method to the other complementary slackness constraints, we can
rewrite (Pp) from Section 4.1 as follows:

N
max Zuz(ml) (Pa)
i=1

T1,T2, " ,&

N
s.t.: 'wT(Z x;) <C
i=1

A\ip+ 7 —l; =Vu(z;),Vi=1,...,N
N < Myz,Vi=1,...,N
0<wyi—p'ai<M(l—2z)Vi=1,...,N
ri < MyU;Vi=1,...,N

N

S @< Mx(1-Uy)Vi=1,...,N
k=i+1
l; < MsL;,Vi=1,...,N
OS:BiSMg(l—Li),Vi:1,...,N
Xi,ri,li >0,Vi=1,...,N
ze€{0,1},Vi=1,....N
U, L;c{0,1}"Vi=1,...,N
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